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Abstract 

�9 he cnL~opy ~A-\tbe ge~J~s.;c flow associated to a fibered dynamical system is shown to be 
z~no; in l~art~ar ~tm en~rO~, of ~ quanfizable dynamical system is zero. An ergodie 
rL, m~-micat :sys~.e~ ~ie2~ d ~  ~ qv.~ ~i~ ".:>~e .d~ ar~:~.i sys ~em ~s out fined.. 

!. Yntroduetio~ 

A dynamical ~ e ~  (DS) irJ the ~nse  of  Poin~rA, Birkhoff o~; Ked~ 
~.s a pair (M, C) where M is .a connected differen~abie manitbld a~d C J~ 
difi~rentiable vector field on M which does not vanish everywhere. We wil! 
coKsider only nons&gula: DSs, i.e., C is nonnull. A D S  is regula~ if th~ 
foliation defined by the nonnuli vector field C is regular in the sense of 
PaIaks (t957); and a Dg is proper (or completd) if  C generates a global 
l-parameter group ~b~ = r (--co < t < ~).  Of  course if M is c ompa~.  
C is proper (Kobayash~ 8: Nomizu, 1963, Prop. i.1.6). The periodfunction 
o f a  DS is tile function ~l(x)= ~nf{t > 01r = x for x ~n M}. I f2  is a finite 
eonstanL-thenthe DS is ca!iedfinite. A regular, p r o o f  finite DS is catled a 
f~ereddynammal system ~[ Db). The name arises from th~ fo!!owing fhcts~ 

I f / ?  is the orbit space, M$, ,  for FDS (M,C), then {: 2~ . . . .  [ -~ B is a--  
principM circle bundle .by Palais. (1957, Sect/on 1.5). Furfi~ermore, fer any 
principal circle bundle ~ there is a connection i-form ~ o n M  with cu~ature  
form g? =&o and a unique .integral 2-form O on B such that p*O = 0 
O-tu~, t973, Kobayashi, 1956). In addition the fo!lowing result is easily 
sho~m: 

Proposition (Temno (1965)) i. I f  (M, C) is a proper regular DS~/laen the 
fo!loMng are equivaient: 

(~) 2(x) is a constant (finite or infinite); 
(b) there exists a 1-form co on M such that o)(C) = I and Z(C)co = 0; 
(e) there exists a Riemannian metric g on M such that g(C, C) = 1 and 

~ ( C )  g = 0. 
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As we have tinted in Hm'l (197~a, S~t{on 2) a co:~taet manifold (M, c~,) 
w h ~ e  e~ is a 1 ~ satiffying o) ,'-, (do:~)" # 0 determines a DS (M, C) v;*,:e~ 
C is the "associated vector field" to e~. If  ibis DS is regular proper and finite 
(M,C)  is called ~ quamizzble dynamical syslem (QDS) (H~m, I97ta, 
197tb, 1973). Clear|y ~ QDS ~s ~ FDS. In addition, gauge invariant unified 
field st.rvlctares (el, Itm't, 1970, a~d 1973, Sec~6on I) are FDSs. 

By (c) ha Proposition i we see that C is a mlit Kiti;ng vector; thus ea~hh 
orbit of 4 ,  is a geodesic w i n  reslzect to *.he metric g. And eve~, Kit!~ng vector 
is incompressibte---i.ea, C leaves the eolume e!emem n. of t~e Riemam~i~ 
manifold (M, g) invaNant (SasakL !958) "ITa~s the flow ~ ~s z measure 
preserving transformation for the measure # on M defined by ~, (Godbillon, 
I969, Prop. 7.2.2)---Le. p~(4~,A)= ~,(A) for every Bore! s e t A  on M and 
for  eeery t in !L I n other words~ 

/~rop~s/r 2o I f  (M, C) is  a FDS~ then (M,/~, ~br) is a classie~al dynamical 
~ ' t e m  m ff~e ~ of A'ru~d & ^ vez (1968, Section 1.!). 

In the ca~_(h~,C) is a QDS~ ~h~ v N e ~  f0r.m r/is co ^ (do)) ~ which is 
clearly invariant by C - - k e ,  5~:(C)~ = 0--since ~o ;C)o) = ~(C)&o  = 0 
(~.  Ha~ .  19718, ~o~-lb~toa. ! 969, Prop, 7 5.~ 

Entropy 

We review briefly the notatio~.~.s of  emropy from .~rzoTd & A v ~ 0  968)~ 
Let zU) denote the function on [0, I] defined by 

z(t) = { - o ~  ift=0if0<t ~;I 

Let ~ be a finite (so measurable) partition of 3/--ke.,  a finite collection of 
nonempty nonintersect~ng measurab!e subsets {A~}~.4 of M fo r  v, hich 
p(A~ A A j,) = 0 if i # j  and ~ ( . U -  U~,. A3 = 0. Let F denote the set of finite 
partitions of M. The sum of two partitions r,,fl~n F is ~ v [o -.~ {A~ O. AjI A~ ~n 
e,flj in/3}. We say fl is a refinement df :~ denoted 7 < fi, if for eve.~ B~ in ,fl 
there exists an A~ in c~ such that #<B~- B~ ~ A~)=0. The entropy of a 
partition = = {A~}l~l in F is  h(7) = S~a ::t~;(Al)). 

Proposigon (Arno!d & Ave.z, 1968, i2.12) 2.1. If ~ < fi then h(=) <. h,~). 

If~b is an automorphism of measure space (M, f)) (for definition see Arno,'d 
& Av~,  1968, App. 6), then ~b.z= {~(A~)}I~t. Then since 4 is measure 
preserving, 

Proposition 2.2. h($~) --- h(e). 

The entropy ofa pertition ~ witbs respect to an automorphism r is 

..... "~ lira h(~ v ~ t  v v ~ -~  ct) 



Th�9 entt~y ef an tm~omorlrhi~ r :s ther~ 

Propos~'~m (Arnold & Ave~ t968, IZ24) 2.3. h(r is an invariam o f ihe  

I f ( M , # , r  .isa e!assi~t dynara:ral s~stem, then ff~ is an a.~_omo:~hism 
of(M,v) for each -fa~ed t; st., for  each f i : ~  t,h(r is defined; a~d ,~(8,) 
~tisfies: 

Proposition (Abramov, i959)Zd,  h($~) = It [ h(.~) for atl t.ln I t .  

Thus the natural definition for entropy ef  a fiev~ of  Classical DS (M,N r 

Let  ( M , / ~ , ~ ) b e  Ne classi~l DS defined by FDS (M,C)~ Clearly abe 
period 2 can b~ che~e.~ to be an integer (by modifying C). Then el(x)  = 
~ba(X ) = ~ .  Thus far  suitably large n, 

So by Proposition2~ 1 a~'~d Propositio::, 2:2~ 

a n d  : " " 

h ( r  = s u p  ~(r =) = o 
a~.k" 

By Abramo-, s . . . . . .  m (Prop. 2.4? we have: 

Proposition 2.5. ]f (M,C) is a FDS with geodesic flow @r, then h ( ~ )  = 0 
for all t i n  112 In particular the entropy o f a  QDS is zero. 

3..An Example 

Let (M, kt,r be a classical DS in the sense of  A rn o Id &  Avez (1968) 
where Mis  a three-dimen~ional manifotd and ~ is a n ergodic t~ow. Assume 
the vector field associated to r  is finite in the sense of  Section i ; and assume 
there are two C ~ different:able eigenfunctionsf:,f2 of  r whose eigenvalues 
are linearly independent over the integers Z. Then it foliows direc:b' ~,2~-iwa, 
1969) that {dfl,df:} are linearly independent everywhere. Let 0~= 
(l/2zri)logf~T t. Then p:M--~TZ:p(x)=(O:;Oz) is of maximal rank. 
This fibration is easily shovm to be locally trivial (Niwa, 1.969). And T 2 is a 
Hodge manifdld. T'nus we have by Niwa (1969). 

Proposition 3.1. If ;~" "' ~" ' " ~a ergodic classical n ~  .~, . . . .  , ,h~,," k z r . / ~ i t ~ v g ' l t y  1 5  ~ a...,,,, a s  ~ . . . . . . . .  

- ~_:S_ t. -+ ~ t  ~ B = T:  is a principal circle bundle over a Hodge manifold 



(so a QDS). F~rthcrmore the flow induced by- $~ on. B is the J~ob~ (o~ 
q~asi-periodlr tlow(Arnoid & Avez, i968, Appo i). 

A more precise characterization of these @mamical systems wouldbe 
txe|pful, i n particular a generalizalion to circle bundles (or QDSs) over 
abelian varieties; atso a further study Of induced flows in principal bundles 

bS~tmo% i~ N. (!959). The ~ o [ ~  flow~ i)ok1~y Akad~mHNm&SSSR, |28~N5, 
W3. 
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